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We investigate the detuning of whispering gallery modes (WGMs) in solid polystyrene
microspheres (PM) as a function of axisymmetric stress applied to two antipodal points of the
microsphere we call poles. We specifically investigate WGMs passing close to these poles,
so-called polar WGMs. The applied uniaxial pressure reduces the geometrical circumference of the
PM but also increases locally the refractive index at the flattened poles. Our experiments show that
the WGMs shift to higher frequencies with increasing pressure and that the magnitude of the
strain-induced shift depends on the radial mode number n. Furthermore an energy splitting between
azimuthal modes linearly increasing with the pressure is observed. A theoretical model based on a
classical ray optics approach is presented which reproduces the main results of our experimental
C 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4811447]
observations. V

I. INTRODUCTION

Optical microsphere resonators supporting whispering
gallery modes (WGM)1 have recently attracted interest
because of their potential for a range of applications.2 The
high quality factor Q ¼ /C, where  is the center frequency
and C is the full width at half maximum (FWHM), of the
WGMs of up to 1010 (Refs. 3 and 4) has given rise to studies
on the lasing properties of droplets and microspheres.5–8 In
addition, the WGMs can be tuned thermally9,10 by uniaxial
stress11–14 or by electric15–17 or magnetic fields.18 Various
sensors based on this energy shift12,19,20 as well as photonic
receivers have been suggested.21 The evanescent light field
of the WGMs close to the sphere surface provides sensitivity
to changes in the environment,22–24 and the subsequent shift
of the resonance energy has been used for single virus25 and
single bacterium detection23 as biosensors.26,27
In this paper we present investigations on polar WGMs
in solid polystyrene microspheres (PM) of about 40 lm diameter subject to polar uniaxial stress. Polar WGMs propagate across the poles of a microsphere given by the antipodal
locations of the applied stress. While the resonance shift of
equatorial WGMs under uniaxial pressure has been investigated both theoretically and experimentally (see Refs.
11–13) the effects of uniaxial stress on polar WGMs have
not been studied so far. Our investigations are motivated by
the strong deformation at the PM caps along the light path,
influencing the WGM resonances and potentially providing
enhanced pressure sensitivity compared to equatorial
WGMs. The WGMs are characterized by the radial mode
order n which is defined as the number of nodes of the radial
field distribution plus one, by the orbital angular quantum
number l and by its quantized projection m onto the polar zaxis defined by the uniaxial pressure direction. The changes
in the WGM frequency for different radial mode orders n
and mode numbers l, in the splitting between azimuthal
0021-8979/2013/113(24)/243101/11/$30.00

modes (characterized by the projection quantum number m)
as well as in their linewidth as a function of the applied uniaxial force, are reported in Sec. III. A theoretical description
based on a one-dimensional ray-optics model will be presented in Sec. IV in order to describe the observed energy
shift as well as the splitting of m-modes of polar WGMs in
uniaxially stressed PMs.
II. EXPERIMENTAL DETAILS

Polystyrene microspheres of 43 lm average diameter
are mounted between the side walls of a homebuilt flow
chamber22,23 with controlled fluidic delivery using a syringe
and two-sided optical access. The distance between the side
walls has been carefully adjusted to the diameter of the PMs
by an inserted LatexV film of matching thickness in order to
limit the uniaxial strain in the microspheres caused by the
mount. The PMs are attached to the flat surface of a highindex half-ball lens (n ¼ 1.826) coated with a separation
layer of CytopV, which has a refractive index of 1.34 closely
matching the surrounding liquid water. Thus its presence at
the sphere poles does not alter the WGM modes significantly. The thickness of the CytopV layer was adjusted to
about 500 nm in order to facilitate the coupling of the whispering gallery modes to the evanescent field at the surface of
the half-ball lens.22 A sketch of the flow chamber and optical
set-up is given in Fig. 1. For the stress dependent measurements a cantilever with a tip of a needle exerted a force normal to the thin (150 lm) rear window of the sample
chamber, which was also coated with a CytopV layer. The
magnified side view of the flow chamber schematically
shows the deformed bead with excited m-modes in the rayoptical one-dimensional picture.
To estimate the stress on the PM, we assume that PM,
window, and cantilever form a compound system of springs.
The spring constant ks ¼ 62:260:1 N=m of the cantilever
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was measured separately. The “effective” spring constant of
the mounted thin window (microscope cover slip of 150 lm
thickness and with a diameter of 23 mm) between cantilever
and bead was determined to be kw ¼ 3062 kN=m, by measuring the displacement of the window with a microscope
objective when pressing with the calibrated cantilever from
the rear side onto the window. The deformation of the half
ball lens was neglected due to its much larger stiffness. A
microscope objective and a video camera on the thin window
side allowed adjusting the cantilever tip on top of one PM
and counting the number of the polystyrene beads being
enclosed in the flow chamber. A photograph of two beads
with the cantilever close to the excited bead is shown at the
bottom of Fig. 1. As all PMs were situated close to the center
of the chamber, we assume that they act like parallel springs
to estimate the applied uniaxial force on the PM under
investigation.
The WGMs were optically excited using a tunable distributed feedback (DFB) laser emitting at a wavelength of
about 770 nm, corresponding to a photon energy of about
1.6 eV. Below threshold the DFB laser provides a spectrally
broad emission which we used for excitation of WGMs over
a spectral range of several tens of meV. The beam is focused
onto the planar interface between the high index half ball
lens and the CytopV layer, where it is totally internally
reflected. The exciting beam couples to the WGMs when a
PM is positioned in the evanescent field of the excited spot.
The spot diameter and the excitation angle to the surface normal were adjusted to 5 lm and 55 , respectively, in order
to optimize the coupling to the WGMs. The reflected light
from the PM is dispersed by a 2-m high-resolution (6 leV)
grating spectrometer and detected by a cooled chargecoupled-device (CCD) camera enabling the observation of
coupled WGMs as sharp dips in the reflectivity spectrum.
Both horizontal and vertical polarizations, which couple to
the transverse magnetic (TM) and transverse electric (TE)
WGMs, respectively, were used. Once the WGM frequencies
were found using the spectrometer and the contrast was
R
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optimized, high resolution spectra were recorded using the
DFB laser operating above threshold with a linewidth of
16 neV (4 MHz). The emission energy was temperature
tuned onto the WGM of interest (tuning range 5 meV corresponding to 1.2 THz frequency and 2.4 nm wavelength) and
then scanned over a range of 350 leV corresponding to
85 GHz and 0.17 nm, across the resonance using a triangular
current modulation at about 50 Hz. In this tunable DFB
detection method, the reflected TE and TM power was
detected using two photodiodes, and the current difference
was recorded with an oscilloscope.
III. EXPERIMENTAL RESULTS
A. Microspheres at low offset uniaxial stress

Figure 2 shows the TE and TM polarized reflectivity
spectra of WGMs of a polystyrene microsphere. The spectra
were recorded with the CCD camera using the highresolution grating spectrometer in first order diffraction, and
a calcite polarization displacer in front of the spectrometer
input slit to separate the TE and TM intensities along the slit
and thus on the CCD camera. To compensate for systematic
spectral sensitivity, the TE polarized spectrum was divided
by the TM spectrum. Mode orders n, mode numbers l (given
as subscript), and the sphere diameter have been determined
by comparison of the resonance energies with calculations
based on explicit asymptotic formulas for spherical
PM’s.22,28 The mode number l for a given mode order (n ¼ 1
to 4) increases towards higher energy, having a relative separation of about 1/l. For the investigated PM the diameter was
determined to be 43.5 6 0.2 lm, using a refractive index of
1.58 for polystyrene22 and 1.33 for water at 1.585 eV photon
energy.
Figure 3 shows the TE reflectivity spectra with WGM
resonances with mode orders n ¼ 1 to 4 and l numbers as labeled for different applied uniaxial force. The spectra were
recorded with the CCD camera in second-order diffraction of
the grating spectrometer, yielding a resolution of about

FIG. 1. Sketch of the experimental setup. On the right a magnified side view
of the flow chamber schematically
shows the deformed bead with excited
m-modes in the ray-optical picture.
The image at the bottom is taken with
a 10 microscope objective through
the coverslip and shows two beads and
the cantilever close to the excited bead
(right).

6 leV. The applied uniaxial force on the PM has been determined using the spring constant of the cantilever and considering that a total of 25 beads were placed near the center of
the flow chamber in this experiment. As described in detail
in Sec. IV the uniaxial compressive force leads to a deformation of the PM and to a stress-induced change of the refractive index (compare Eq. (2) in Sec. IV). We expect that the
decrease of the effective circumference of the deformed
bead shifts the resonance to higher energy whereas the pressure induced increase of the refractive index at the pole caps
shifts the resonance to lower energy. We observe that with
increasing uniaxial force the WGM of all orders n shift to
higher energy. This indicates that the decrease of the geometric circumference exceeds the increase of the refractive
index which will be explained in the theoretical modeling in
Sec. IV. The WGM reflectivity signals of the modes weaken
and broaden with increasing applied force, which we attribute to the changing coupling conditions due to flattened poles
and to the increasing losses at the edges of the flat caps,

respectively. The n ¼ 1 mode is most sensitive to these modifications and becomes unobservable.
The effect of sphere deformation has been shown to lead
to chaotic ray dynamics which diffuses rays above the critical angle of total refraction, leading to escape. This effect
can be used for directional laser emission in such
resonators.29–34 As will be discussed later the linewidth of
the n-modes in our PMs is further increased by the strain
induced splitting of the WGM according to their m-numbers
as will be discussed later.
The observed energy shift DE of the resonance energy
of the TE n ¼ 1 to 4 WGM resonances is shown in Figure
4(a) as a function of the force applied to the PM. The energy
values have been obtained from measurement series
recorded in first and second order diffraction of the highresolution spectrometer. Large symbols represent DE values
at a measured uniaxial force. Smaller symbols show energy
resonances that were linear interpolated with respect to the
n ¼ 2 energy shift. The n ¼ 4 mode reveals the strongest
energy shift with a slope of dE/dF  70 leV/mN followed by
the n ¼ 2 mode with a slope of dE/dF  50 leV/mN. The
n ¼ 1 and n ¼ 3 mode show a similar, slightly non-linear shift
with a smaller slope of dE/dF  40 leV/mN. The larger
strain-induced shift of the n ¼ 4 mode might be caused by its
coupling to the substrate.35 The slightly different shifts of

the n ¼ 1–3 modes might be explained by their different coupling with n  4 modes. This mode coupling enhances with
increasing strain as will be shown in Sec. III B. The observed
energy shifts are by a factor of 50 higher as values reported
on solid PMMA microspheres of 460 lm size11 which have a
comparable modulus of elasticity as polystyrene microspheres.36 The stress sensitivity of 100 lN in this polar configuration given by a strain induced shift equal to half of the
FWHM of the linewidth is enhanced by a factor of 10 compared to solid PMMA spheres and is comparable to the sensitivity observed in hollow PMMA beads of 980 lm size.11
This finding exemplifies the potential of the polar excitation
of small 50 lm diameter PMs for pressure sensing.
The energy shifts of the TM WGMs as a function of the
applied uniaxial force are shown in Figure 4(b). They are
similar to the ones of the TE WGMs shown in Fig. 4(a).
In order to investigate the resonance broadening with
increasing uniaxial strain in more detail, we increased the resolution using the scanning DFB laser detection method.
Figures 5(a) and 5(b) show photographs of the excited bead
in the flow chamber obtained by the camera which is placed
behind the thin rear glass window. The exciting laser beam
is focused onto the bead from left as shown in Fig. 1. Figure
5(a) shows the bead where the laser wavelength is off resonant while Fig. 5(b) reveals scattering from a twodimensional surface wave when the laser wavelength is resonant to the WGM.

Normalized high-resolution spectra for the TE 2256
WGM are given in Figure 6 as a function of the applied
force. The center energy of the TE 2256 WGM mode shifts
toward higher energy with a slope of dE/dF  50 leV/mN in
agreement with the previous results obtained with the spectrometer. The resonance energies at various uniaxial forces
are shown in Fig. 4 as large open symbols. At zero force the
FWHM of this mode is c  8 leV which corresponds to a Q
factor of hx=c ¼ 2  105. This is by one order of magnitude
smaller than values found in free PMs of similar size held by
optical tweezers22,23 and by a factor of 4 larger than
observed in solid and hollow PMMA beads.11 The broadening at zero force in the PM under investigation is therefore
attributed to a slight pre-strain causing a splitting of mmodes due to the deformed PM at the polar caps. With
increasing uniaxial force the linewidth significantly broadens
(to 4 times its FWHM value at zero force), and a splitting
into sub-components becomes visible above a force of
6 mN, which we attribute to WGMs of different m-number
of the deformed PM (see also magnified side view of the
bead in Fig. 1). Further increasing the uniaxial force expands
the splitting energy Dm between the different m-modes which
results in additional broadening of the total WGM linewidth.
In order to determine the average linewidth of the mlines of the TE 2256 WGM at an applied force of 8.6 mN by a
multiple Lorentzian-line fit of split m-lines using the function
15  

P
STE2 ¼ 2Ai p 4ðxxcCÞ2 þC2 with areas Ai, FWHM C, and
1

i

center energy positions xci being free fitting parameters of
15 Lorentzian-lines. The dashed blue line in Fig. 7 shows
the fit, and individual m-lines are given as thin black lines.
The FWHM linewidth C of the 15 Lorentzian-lines is
C ¼ 8 6 0.5 leV. Similar Lorentzian-line fits of WGM
resonances at applied 6.2 and 11.3 mN uniaxial force reveal
an average C ¼ 5.5 6 0.5 leV and 11 6 0.5 leV, respectively,
indicating a linear increase of C with slope dC/dF  1.2 leV/
mN with increasing force as shown in Fig. 8.

Figure 8 shows the energy splitting Dm of the m-lines of
the TE 2256 WGM resonance as a function of the applied
force revealing a linear slope of dDm/dF  0.9 leV/mN. The
average splitting energies Dm were determined by Fouriertransformation of the reflection spectra as shown in the inset
of Fig. 7. The visibility of the m-lines does not improve with
increasing applied uniaxial force since both Dm and C
increase, retaining the splitting to linewidth ratio.
B. Microspheres at high offset force

Figure 9 shows the m-mode splitting of a pre-strained
TE 1262 WGM in a 43.0 6 0.2 lm diameter polystyrene
microsphere (PM2). Mode orders n, mode numbers l (given
as subscript), and the sphere size have been determined by
comparison of the resonance energies with calculations as in
Sec. III A. An offset uniaxial force on this PM is due to the
use of a thinner LatexV layer between the flow chamber sides
as compared to the experiments in Sec. III A. The reflectivity
spectra were recorded by the scanning DFB laser. In order to
release some of the offset uniaxial strain the flow chamber
R

liquid is pressurized with a syringe creating a counteracting
force on the cover slip. Reducing the force results in a
decreased energy distance Dm between the m ¼ 0 to 4 modes
of the TE1262 WGM resonance and also reduces the averaged FWHM C of the m-resonances from 11.4 leV at zero
syringe pressure to 5 leV at highest syringe pressure. With
decreasing m-splitting, higher m ¼ 5 and 6 modes emerge on
the high energy side. The reduced uniaxial offset strain further results in a redshift of each m-resonance. This effect is
partially compensated by the hydrostatic pressure on the
whole PM, which leads to a blueshift of the WGMs.37
In order to determine the energy shift DE as well as the
change of the energy distance Dm between the m-lines as a
function of pure uniaxial force we performed force dependent measurements using the cantilever as described in Sec.
III A without pressurizing the liquid with the syringe.
Spectra of the TE 1262 WGM resonance as a function of the
applied uniaxial force are shown in Fig. 10. For a better visibility the spectra have been displaced vertically. In these

experiments the coupling angle and position of the incident
DFB laser light has been chosen to predominantly excite the
m ¼ 0 mode (at lowest energy) at zero applied force while
the m ¼ 1 mode is only weakly visible (the small oscillations
in the spectra that do not change with applied force are spurious Fabry-Perot interferences). The applied forces on one
bead have again been determined using the slope of dE/
dF  40 leV/mN of a TE 1 mode obtained from PMs at low
offset strain. With increasing applied uniaxial force the intensity of the m ¼ 0 mode weakens while the m ¼ 1 mode
gains in strength. This can be attributed to changing coupling
conditions at the increasingly deformed polar cap. As in the
previous experiment with pressurized liquid, the FWHM C
of the m ¼ 0 mode increases from C ¼ 11.4 leV at zero
applied pressure to C ¼ 16 leV at 9.1 mN applied uniaxial
force. At forces larger than 11 mN the m ¼ 2 mode appears
on the high energy side of the m ¼ 1 mode. Above 13 mN the
different m-modes merge, resulting in a broad band with a
FWHM of C 120 leV. Figure 11(a) illustrates the obtained
energy shift DE of the m ¼ 0 and m ¼ 1 resonances as well as
of the broad reflection band as function of the applied force.
The weakening of the m ¼ 0 line and the evolution of the
m ¼ 1 mode into a broad m > 1 band induces a slight nonlinear force dependence of the measured energy shift DE of
the TE 1262 WGM.
The measured energy distance Dm between the m ¼ 0 to
m ¼ 1 line as a function of the applied uniaxial force is

displayed in Figure 11(b). The slope has a value of dDm/
dF  1.1 leV/mN which is comparable to the value found
for n ¼ 2 WGM in PMs at low offset strain. With the value
dDm/dF ¼ 1.1 leV/mN the offset uniaxial force of the PM
under investigation can be estimated to Foffset  26 mN. The
value dDm/dF also allows estimating the force in our experiment where we used liquid pressure to reduce the force on
the PM. The calculated uniaxial force values range from
F ¼ 12 mN to 26 mN as labeled in Fig. 9. The inset in Fig.
11(b) shows the FWHM C of the m-modes as a function of
the total uniaxial force on the bead obtained from Figs. 9 and
10. It suggests a linear increase of the line broadening C with
a slope of dC/dF ¼ 0.47 leV/mN with increasing uniaxial
strain. The linewidth increase is attributed to increasing scattering losses at the deformed polar caps of the bead.
Figure 12 displays the TE/TM reflectivity ratio as in
Figure 2 of WGM resonances of a highly pre-strained PM as
a function of applied uniaxial force. The spectra were
recorded with the CCD camera using the high-resolution grating spectrometer. The coupling conditions in this experiment were chosen to support the excitation of the n ¼ 1 to 3
mode while the broad n ¼ 4 mode is only weakly excited.
Like for the other mode orders n, the mode numbers l (given
as subscript) and the sphere size have been determined by
comparing the resonance energies with calculations. High resolution spectra of the TE 1262 WGM using the scanning
DFB laser show a splitting energy between m-modes of Dm
 46 leV (not shown here). The splitting suggests an offset
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force of Foffset  42 mN where the slope value of the m-splitting of 1.1 leV/mN derived from the previous PM is used.
Again, the applied force on one bead has been determined
using the slope of dE/dF  50 leV/mN (compare Fig. 4) for
the TE 2 mode at low applied uniaxial force (near Foffset).
The measurements demonstrate that with increasing applied
uniaxial force the WGMs TE 1264 and TE 2257 approach
each other and that this approach leads to a weakening of the
TE 1264 and strengthening of the TE 2257 in the signal. A
similar behavior is found between the WGMs TM 2255 and
TM 3247. As discussed earlier, the modes significantly
broaden with increasing uniaxial force.
Figure 12 (bottom) summarizes the resulting shifts of
the TE and TM WGM resonance energies E with mode
orders n ¼ 1 to 4 as a function of the uniaxial force. The
shifts reveal a super-linear force dependence. Using a lowforce linear slope of dE/dF  50 leV/mN for the TE 2257
mode an initial slope of dE/dF  40 leV/mN for the TM 3247
is deduced from the data which is in agreement with the
value found for beads at low offset stress. The WGM TE
1264 and TM 2255 show a higher slope of dE/dF  60 leV/
mN, which is predominantly attributed to their approach to
the WGMs TE 2257 and TM 3247, respectively. The TE and
TM n ¼ 4 modes have the highest slope of dE/dF  200 leV/
mN, about 3 times higher as compared to investigations on
weakly pre-strained PMs. However, at high force the n ¼ 1
to 3 modes also reach similar slope values possibly indicating an increasing mixing between the n ¼ 1 to 4 modes.
IV. THEORETICAL MODELING

Dk dCðFÞ dn0 ðFÞ
¼
þ
k
C
n0
0qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2ðp
2
2
1 @ ða þ ur ðF;hÞÞ þ uh ðF;hÞ  a dn0 ðF;hÞA
dh;
¼
þ
2p
n0
a
0

(2)
where ur ðF; hÞ and uh ðF; hÞ are the radial and azimuthal
component of the static displacement vector ~
u , which
describes the displacement that a point at ~
r within the isotropic solid of the PM experiences under the external force.
The displacement ~
u respects the Navier equation38,39
r2 u þ
*

1
*
rðr  uÞ ¼ 0;
1  2

In the ray optics model a resonance occurs when the
light wave interferes constructively with itself after one
roundtrip along the inner surface of the bead. In this model
the resonance condition is given approximately by
(1)

where l is the number of wavelengths in the optical path of
one roundtrip, the circumference C is expressed by the radius
of the bead a, and the refractive index of the bead n0. In this
ray picture, the path of the light inside the bead follows polygons with s-sides, where s is the number of total internal
reflections at the inner surface. The smaller the number of
reflections s, the larger is the radial component of the wave
vector increasing the number of radial nodes. Thus, the radial
mode order n is increasing with the ray length between successive reflections. Uniaxial pressure that is exerted on the
bead will create flat caps at the poles. Thus, the centrifugal
term in the wave equation is missing at the poles.1,2
Accordingly, the waves reflecting from the poles cut longer
chords into the bead instead of being guided along its inner
surface which could cause a mixing with higher order nmodes. On the other hand the compression at the poles
increases the refractive index locally. Therefore, the poles
act as graded index lenses (GRIN) which guide the modes
along the flat caps and thus compensate the effect of the

(3)

where  is the Poisson ratio. In spherical coordinates, the solution of this differential equation under axisymmetrical and
torsionless load can be expressed39 by the radial and azimuthal components
X
fAn ðn þ 1Þðn  2 þ 4Þrnþ1 þ Bn nrn1 gPn ðcoshÞ;
ur ¼
n

X
d
fAn ðn þ 5  4Þrnþ1 þ Bn r n1 g Pn ðcoshÞ;
uh ¼
dh
n
uu ¼ 0:

A. Energy shift of the WGM modes under uniaxial
strain

Cn0 ¼ 2pa n0 ¼ lk;

missing centrifugal potential. We therefore make the
assumption that the resonating modes are still guided closely
underneath the surface, and we describe the shift Dk in the
resonance wavelength k as a change in the optical path by

(4)

The displacement is described as a superposition of static
surface waves on the sphere. The coefficients An and Bn
depend on the actual pressure on the sphere. For a uniaxial
pressure in z-direction,40,41 the radial pressure component
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3F
pðhÞ ¼
(5)
a20  a2 sin2 ðhÞ
2p a30
is exerted on the sphere by non-deformable plates and flat
caps are formed at the poles of the PM. In Eq. (5), F and a ¼
22:5 lm are the force and the radius of the sphere, respectively. The radius a0 ðFÞ of the contact area at the poles can
be found using Hertz’ pressure formula40,41

1=3
3Fa ð1   2 Þ
a0 ðFÞ ¼
;
(6)
4E
where in our case the Poisson ratio for polystyrene is
 ¼ 0.325 (Ref. 36) and the modulus of elasticity is
E ¼ 3.3 GPa.36 Because the unperturbed geometry is spherical, it is appropriate to expand the pressure pðhÞ in terms of
spherical harmonics, i.e., Legendre polynomials
X
Hn Pn ðcosðhÞÞ:
(7)
pðhÞ ¼
n

The expansion coefficients Hn can be found using the
orthogonality of the Legendre polynomials Pn , yielding

2n þ 1
Hn ¼
2

ðp

Pn ðcoshÞ pðhÞ sinh dh:

(8)

0

Since the pressure is applied symmetrically from both
poles, the system has the symmetry h $ p  h and the coefficients for Legendre polynomials for odd integers n are
zero. For even n, An and Bn in Eq. (4) are given by39
Hn
;
þ 2n þ 1 þ  þ n2 g
Hn ðn2 þ 2n  1 þ 2Þ a2n
Bn ¼
:
4G f2n2   n þ n3  1  g
An ¼ 

4Gan fn

(9)

In Eqs. (8) and (9) G is the shear modulus which is equal to
G ¼ ðE=2Þð þ 1Þ1 . Fig. 13 shows the radial displacement ur
for four different forces, F ¼ 5, 10, 40, and 50 mN where the
series of Legendre polynomials has been truncated at n ¼ 60.
In all cases the calculated displacement ur at h ¼ 0 is close to
the displacement at the pole of an infinite half sphere given as
h ¼ a20 =a.40,41 Fig.13 also shows the calculated azimuthal displacement uh for a force of 50 mN (dashed blue line). Since
uh 2 is small compared to ða þ ur Þ2 we neglect uh in Eq. (2)
Ð
1 2p ur ðF;hÞ
dh. Shown
which simplifies the first term to dC
C ¼ 2p 0
a
in insets (a) and (b) are parts of the deformed sphere with radius a þ ur ðF; hÞ (dashed blue line) at the pole and at the equator, respectively, at a uniaxial force of F ¼ 50 mN. The
undeformed sphere is shown as a solid line for comparison.

The change in refractive index dn0 is determined by the
stress inside the sphere caused by the pressure (Eq. (5)),
which leads to compression inside the flat cap in all three
dimensions.40 The principal stresses rx , ry , and rz within the
contact area (h < h0 ) are given by42

0

2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
! 31
2
2
2 3=2
ðasinhÞ
1

2
a
ðFÞ
ðasinhÞ
0
41  1 
5A ;
þ
rx ðFÞ ¼ p0 @2 1 
3 ðasinhÞ2
a0 ðFÞ2
a0 ðFÞ2
0sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
! 31
2
2
2 3=2
ðasinhÞ
1

2
a
ðFÞ
ðasinhÞ
0
41  1 
5A;
ry ðFÞ ¼ p0 @ 1 

3 ðasinhÞ2
a0 ðFÞ2
a0 ðFÞ2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðasinhÞ2
rz ðFÞ ¼ p0 1 
;
a0 ðFÞ2

where h0 ¼ arcsinða0 =aÞ and p0 is the central pressure at the
pole. Outside the contact area rz vanishes. The two remaining principal stresses are the compression rx and the tension
ry which compensate each other
rx ðFÞ ¼ p0

1  2 a0 ðFÞ2
;
3 ðasinhÞ2
2

(11)

1  2 a0 ðFÞ
:
ry ðFÞ ¼ p0
3 ðasinhÞ2
The principal stresses are connected with the local
change of the refractive index dn0 ðFÞ by the optoelastic constants K1 and K2 which have values ranging from 0.50 to
0.65  1010 Pa1 (Refs. 36, 43, and 44) (the optoelastic

(10)

constants K1 and K2 have been derived from the elastooptical coefficients p11 and p22). Since our experiments
did not show significantly different shifts for TE and
TM modes (see Fig. 4) we neglect birefringence and set
K ¼ ðK1 þ K2 Þ=2. Accordingly, the refractive index change
dn0 ðFÞ is given by

dn0 ðFÞ ¼ K rx ðFÞ þ ry ðFÞ þ rz ðFÞ :

(12)

The sum of the calculated stresses rx þry þrz at the surface
for applied uniaxial forces of 5, 10, 40, and 50 mN is shown
in Figure 14. The inset shows the refractive index n0 þ
dn0 ðFÞ (dashed blue line, with n0 ¼ 1:58) of the deformed
PM at an applied force of 50 mN in a polar coordinate plot
using a value of K ¼ 0:57  1010 Pa1 .

x ¼ 0:84. The measured differential shifts obtained from our
experiments (data points) are in reasonable agreement with
the theoretical curve (solid line) for uniaxial forces larger
than 5 mN, which indicates a differential shift of approximately 75 leV/mN (the data points for the modes n ¼ 1, 2,
and 3 were derived from Figs. 4, 11 and 12 by dividing the
energy shift of each mode by the extrapolated initial energy).
The weaker increase of the refractive index change compared to the geometric path change at higher uniaxial stresses
(F > 40 mN) further explains the experimentally observed
nonlinear behavior of the differential shift at higher applied
forces (see Fig. 12). For small forces (<10 mN) our model
overestimates the refractive index change caused by the
applied stress. We attribute this deviation mainly to the finite
stiffness of the thin rear window and of the CytopV layer.
The CytopV layer is likely to deform under the pressure by
the PM which reduces the total stress within the contact area
more as the circumference of the deformed PM bead.
Our theoretical model does not predict that the strain
induced shift of the spectrally broad n ¼ 4 mode is stronger
nor that it should show a nonlinear behavior with force coefficients increasing from 70 up to 200 leV/mN with increasing uniaxial strain. The larger strain-induced shift of the
n ¼ 4 mode might be caused by its coupling to the substrate.35 It might also be necessary to take into account that
the wave functions of the n-modes differ in their radial expectation values and thus experience different spatial stresses
and refractive indices inside the PM. Treating these details
requires a solution of the wave equation taking in the threedimensional refractive index distribution created by the
strain, which is beyond the scope of this work.
R

R

The shift of the WGM resonance due to the change in
refractive index according to the second term in Eq. (2) is
given by
1
2p

2ðp
0

dn0 ðFÞ
2K
dh ¼
n0
pn0

p=2
ð



!
rx ðFÞ þ ry ðFÞ þ rz ðFÞ dh :

0

(13)
The changes of the geometric path as well as the change of
the refractive index (Eq. (13)) are plotted in Fig. 15. The
compression induced increase of the refractive index (see
dashed-dotted curve) is shifting the modes to longer wavelengths. This increase of the refractive index is nearly proportional to F2=3 . The compression induced change of the
geometrical path (dashed curve) is shifting the modes to
shorter wavelengths, overcompensating the refractive index
effect. Its dependence on the force F is more complicated
but can be approximated by a function of the form Fx with

B. M-mode splitting under uniaxial strain

In order to describe the effect on different m-modes we
modified the integral in Eq. (2) into an integral that follows a
great circle ~h ¼ 0:::p=2 inclined by the angle
hm ¼

p
m
 arccos pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
2
lðl þ 1Þ

(14)

with respect to the z-axis of the untilted system, resulting in
an integral over ~h


DkðFÞ
k



2
¼
p

p=2
ð

ur ðF; hð~h; hm ÞÞ dn0 ðF; hð~
h; hm Þ ~
þ
d h:
a
n0

0

(15)
The integrands, however, still depend on the angle h of
the untilted system. h and ~h have the same latitude in the
untilted system (Fig. 1) and are connected by hð~h; hm Þ
¼ arccosðcos ~h cos hm Þ. The resulting shifts for F ¼ 10 mN
and 40 mN are presented in Fig. 16. The mode number l was
set to l ¼ 265. The effect of the compression induced
increase of the refractive index (dashed-dotted curve,
F ¼ 10 mN) extends over a narrower angular range than the
effect of the reduction of the effective radius of the PM (long
dashed curve, F ¼ 10 mN). This leads for small pressures to

243101-10

Wagner et al.

J. Appl. Phys. 113, 243101 (2013)

FIG. 16. Relative wavelength shifts due to the change of the refractive index
n (dashed-dotted line), the change in circumference C (long dashed line),
and the total differential shift (solid line) for different m -modes at a uniaxial
force of F ¼ 10 mN. The total differential shift for F ¼ 40 mN is represented
by the short-dashed line. The inset shows the differential shift of the first
eight m-modes relative to the m ¼ 0 mode. For comparison the experimental
differential shifts are added (blue squares) using an energy splitting Dm of
7.5 leV obtained from Fig. 8.

a blue shift that increases with m (solid line), which agrees
with the experimental findings (see Fig. 9). The effect
reverses for modes outside the contact area of the cap. At
F ¼ 10 mN, this would be the case for modes m > 40 or
around 9 . Since we observe only modes up to m ¼ 15, we
were not able to verify this prediction. The PM bulges outward around the equator, resulting in a redshift for modes
with hm  348 ðm > 150Þ. The equatorial mode m ¼ l is the
mode with the largest red shift and has been extensively
studied by various groups.11–13,45 In contrast to the results of
our experiments (compare to Fig. 8) the calculated energy
splitting between the first successive m-modes (between m
and m þ 1) is not equal, but has a nearly quadratic dependence for modes m < 5 as demonstrated in the insert of Fig.
16. At F ¼ 10 mN, the average m-splitting is the same as the
measured one in Fig. 8, namely, Dm  7:5 leV. The discrepancy between the curves might be related to the form of the
contact between the PM and the CytopV. As mentioned
before the CytopV layer is likely to deform by the PM, and
thus the analytical strain distribution at the interface could be
different.
Generally, we find that the ray optics approach can
explain most of the experimentally observed features, despite
its approximations compared to the full wave-optics treatment. The remaining deviations, like the nearly quadratic
versus the linear dependence of the m-splitting and the fact
that the splitting between the m-modes increases with
increasing force, might be related to this approximation,
which treats the WGMs as quantized classical paths, a relatively simple approximation of their two-dimensional surface
wave character that is visible in Fig. 5. A full wave model of
the system and an accurate knowledge of the contact geometry are needed to describe these properties in more detail.
R

R

V. SUMMARY AND CONCLUSIONS

We have investigated the effects of uniaxial stress on
polar TE and TM WGMs in solid PM of 43 lm size using

reflection measurements. In our experiments the applied uniaxial force on the PM ranges from nearly 0 to 70 mN. The
resonating n-modes reveal a blue shift due to the decrease of
the geometrical circumference of the deformed microsphere.
The pressure on the polar caps locally increases the refractive index which partially compensates the effect of the
smaller circumference, resulting in a strain induced, almost
linear energy shift with a force coefficient of dE/dF
 40 leV/mN for n ¼ 1 and 3 and of 50 leV/mN for n ¼ 2
modes for uniaxial forces up to 45 mN. The shifts of TE and
TM modes were similar, indicating an insignificant influence
of birefringence. In addition, the WGMs broaden with
increasing applied force which is attributed to larger losses
at the edges of the flat caps. We also observe a straininduced splitting of the WGMs, which is described for small
m l by an additional shift proportional to m with a coefficient of about 1 leV/mN. The linewidths of the m-modes
increase proportional to m and proportional to the uniaxial
strain, which is also attributed to increased scattering losses
at the deformed polar caps. For uniaxial forces exceeding
45 mN the strain induced blueshift of the n ¼ 1 to 3 WGMs
increases nonlinearly and approaches the force coefficient
and linewidth of the n ¼ 4 WGM. This behavior is probably
due to mixing between the n ¼ 1 to 4 modes at high force
levels.
The experimental results have been compared with a
theoretical model which is based on quantized ray-optics.
This approach predicts a blue-shift of the WGMs that is
almost linearly increasing for applied forces larger than
10 mN. The theoretically obtained coefficient of 75 leV/
mN is higher but in the same order of magnitude as the experimentally observed value for the n ¼ 1 to 3 WGM modes.
Deviations of the model calculations with the experimental
values are attributed to our assumption that the CytopV layers
and windows are rigid. Our model further explains the splitting of the m - modes as a function of applied uniaxial pressure. The calculations confirm that higher order m- modes
have a larger blue shift compared to lower order m-modes
since the pressure induced increase of the refractive index
(causing an energy red-shift) extends over a narrower angular
range than the decrease of the geometrical path. While the
calculated strain-induced m-splitting coefficients dDm/dF are
in the same order of magnitude as the measurements, the predicted quadratic increase of dDm with increasing m-number is
in contrast to the experimental data which show a linear
increase. This deviation could be related to the deformation
of the CytopV layer that is not accounted for in the model.
Generally, we expect that the quantized ray-optic approach
will create inaccuracies compared to the full wave model,
which will be subject of further investigations.
R
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